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It is argued that the linearity of the R&D sector’s technology in Paul Romer’s model of endog-
enous technological progress is very restrictive. An externality, stemming from the simultaneity
and overlap in researchers’ activities, is modeled into the R&D sector. The optimality analysis
of this model leads to a sceptical view of the case for government subsidies for investments in
R&D. The quality of human capital, a subject discussed rarely if ever in theories of endogenous
technological progress, is shown to affect the model economy’s long-run growth rate.

1. Introduction

In most modern economies private business enterprises regularly in-
vest a great deal of money in research and development.1 And yet, until
recently, most theories of long-term economic growth had ignored this phe-
nomenon and had modeled technological progress either as exogenous (So-
low 1956; Mirrlees 1967), or as the happy by-product of activities undertaken
for other reasons (Arrow 1962). This gap in the literature was largely filled
in the early 1990s, primarily by Romer (1990).2 In Romer’s model, the en-
gine of growth is fueled by the innovative activities of profit maximizing
firms.

*I am grateful to Professor James A. Schmitz, Jr., and to Professor John Hause for constant
help and encouragement while I was working on my thesis at the State University of New York
at Stony Brook. I would also like to thank the referees of the Journal of Macroeconomics for
suggesting several important changes in the paper, and to Professor John Gafar of Long Island
University for crucial help. Thanks are also due to the Research Committee of the C.W. Post
campus of Long Island University.

1The number of scientists and engineers employed by business enterprises for research pur-
poses approached 600,000 in 1985 in the United States, and 280,000 in 1988 in Japan. OECD
countries spent $155 billion on industrial research in 1985. Such spending has been rising in
the OECD countries, both as a share of GDP and as a share of gross fixed capital formation.
The latter share was 21% in 1985 in the United States. For further details, see Grossman and
Helpman (1991).

2Other important and early contributions include Judd (1985), Segerstrom, Anant, and Di-
nopoulos (1990), and a series of papers by Gene Grossman and Elhanan Helpman discussed in
Grossman and Helpman (1991).
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This paper presents a model of long-run growth that includes Romer’s
model as a special case. It is shown that an important normative result of
Romer’s model does not generalize. Romer (1990) had argued that the pri-
vate sector’s investment in R&D is less than the socially optimal level and
that such expenditure should therefore be subsidized by the government. In
this paper, however, overinvestment is possible. It is also shown that there
is a positive relation between the quality of research labor and long-run
growth. Unlike most theories of endogenous technological progress, labor
quality and labor quantity are not perfectly substitutable in this paper.

In setting up a model of technological progress, it might appear quite
natural to assume that, other things equal, an economy with, say, 200 re-
searchers would have twice the rate of technological progress (measured by
the number of patents awarded per unit time) as would an economy with
100 researchers. Indeed, this linearity is a prominent feature of all recent
theories of endogenous growth, including Romer (1990) and the theories
surveyed in Grossman and Helpman (1991). It should be noted, however,
that this assumption implies that for a large enough pool of researchers, any
number of inventions, no matter how large, could be achieved in any period
of time, no matter how small. For example, all inventions made from, say,
1632 to 1994 could have been worked out in just the first week of 1632 if
only there had been enough researchers back then. And those researchers
would only have had to be knowledgeable about the state of the art as it
would have been in 1632. With that knowledge they would have worked
everything out, in just one week. This possibility would strike most people
as far-fetched, not because of any doubts about whether a large enough
group of researchers could ever be assembled, but because of strong doubts
about whether this startling feat could be achieved by any finite number of
researchers. The mere possibility of unbounded rates of invention condemns
linearity as unrealistic. Boundedness—or, more generally, diminishing re-
turns—in the research sector technology would seem to be the only plausible
alternative.

Under diminishing returns, an increase in the number of researchers
leads to a less than proportionate increase in the number of inventions. This
implies a fall in the average output of inventions per researcher. The patent
race literature (see Reinganum 1989 for a survey) gives some indications as
to how this could happen. At any given moment the number of research
projects that are both potentially lucrative and seemingly tractable is limited.
This leads to patent races. In such races, when one researcher announces
that she has solved the problem, the others have to abandon their work and
start all over again on some other problem. The expected amount of effort
lost in this way by a researcher depends upon how popular the problems
being investigated by this researcher are with other researchers. If the num-
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ber of researchers doubles for some reason—perhaps because of a diversion
of labor away from other areas and into research—and if the number of
research projects fails to double, then the number of researchers per re-
search project would increase. There would, therefore, be greater “crowd-
ing” or “congestion.” This would reduce the success rate of the average
researcher, and, therefore, the aggregate success rate would fail to double.
Thus, the congestion externality introduces diminishing returns, of which
boundedness is a special case, into the research sector. In Sections 2 and 3
below, it is shown that the congestion externality just described can be used
to construct a Romer-type growth model that does not have linearity in its
research technology.

One should note that the congestion externality is better referred to
as an institutional externality rather than a technological externality. The
presence of rivals does not reduce the ability of a researcher to solve a given
research problem; it only affects her chances of being the first to solve that
problem. So, it is the “first past the post” nature of a patent based system
that is at the root of the congestion externality.

The addition of this externality to the Romer model also alters its
optimality analysis. (This is hardly surprising; one would expect such an out-
come whenever a new externality is added.) In Romer (1990) the equilibrium
level of investment in R&D is less than the socially optimal level. But the
congestion externality of this paper makes overinvestment a possibility. This
is because each researcher does her work without considering the fact that
her success would be someone else’s failure.

The congestion externality is also related to the quality of human cap-
ital, a topic rarely discussed in the growth literature. The externality comes
into play when a large number of researchers pursue the same research
project (or, similar research projects). But if the researchers are original
enough to try to identify and explore research ideas that are relatively unique,
then congestion would be less of a problem. Thus, a direct relation can be
established between the quality of the researchers and economic growth.

The rest of the paper is organized as follows. Section 2 discusses the
nature of the dependence of a researcher’s work on concurrent research
done by others. Section 3 analyzes the balanced growth equilibrium of an
economy with the “crowding” externality, and Section 4 discusses optimality
issues. Section 5 concludes the paper.

2. The Research Sector

Let there be m firms in the research sector, indexed by k � 1,2, . . . ,
m. These firms hire labor to do research. Researchers come up with blue-
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prints for intermediate goods that would be useful to producers. The patents
obtained on the inventions are then sold for profit.

Researchers are assumed to work together in groups because collab-
oration is important in research. The optimal size for such research groups
is assumed to be a finite number, s; the total output of the Lk workers of
firm k would, therefore, be maximized if and only if they work in groups of
size s. Given these assumptions, a group of n firms, each with s workers,
would be essentially the same as one firm with ns workers. Putting it a little
differently, if the research firms make their employees work in groups of
size s—as indeed they should—the total output of inventions by the research
sector would depend on LA, the total number of researchers employed in
the research sector, and not on how LA is distributed among the various
research firms. Moreover, if firm k employs Lk workers, its output would be
Lk/LA times the industry output.

Let A denote the number of intermediate goods that exist currently.
An increase in A represents an increase in the technological options that are
available to producers. A is also a proxy for the level of knowledge currently
available, and increases in A are, therefore, assumed to increase the pro-
ductivity of researchers.

The total output of the research sector is, therefore, given by a function
F(A, LA), and the output of firm k is given by F(A, LA) •Lk/LA. Letting F(A,
LA) � Af(LA) and adding a discontinuity, for reasons to be given below, at
Lk � 1, the number of patents earned per unit time by firm k is assumed
to be

f (L � L )�k kA L , if L � 1k kL � L�k ka � (1)k �0, if 0 � L � 1 ,k

where L�k is the amount of labor employed by all firms other than k; clearly,
LA � Lk � L�k. It is also assumed that f (0) � 0, f � � 0, and f (LA)/LA is
non-increasing in LA. When f (LA)/LA is constant (e.g., when f (LA) � dLA)
this paper’s model reduces to the Romer model. This paper will, therefore,
concentrate on the case in which f (LA)/LA is decreasing in LA. Assuming Lk

� 1, firm k’s average product is ak/Lk � Af (L�k � Lk)/(L�k � Lk). There-
fore, if f (LA)/LA is decreasing in LA, ak/Lk must be decreasing in Lk, when
L�k is taken as given.3

The discontinuity assumed in �k implies that in equilibrium Lk � 1

3The units of labor can be so chosen that the optimal group size is unity. Also, for large
enough LA and Lk there is no significant difference between labor being discrete or continuous.
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must be true as long as Lk is not zero. The discontinuity is needed to ensure
the existence of a perfectly competitive equilibrium with free entry (to be
defined later) in the research sector. Discontinuities of this sort are usually
associated with the existence of indivisibilities.

Note that as long as Lkt � 1 for all k at time t, from now on the subscript
t will indicate the value of a variable at time t, the rate of aggregate tech-
nological progress, or Ȧt � dAt/dt, is given by

mt

Ȧ � a � A f (L ) . (2)t � kt t At
k�1

The assumption that f (LA)/LA is decreasing in LA implies that Ȧt is
subject to diminishing returns, and could even be bounded, in LAt. Similarly,
the rate of growth of technology, gAt � Ȧt/At � f (LAt), could be bounded
in LAt.

Diminishing returns makes sense because the alternative, that is, non-
diminishing returns, has absurd implications. In Romer’s model Ȧt � dAtLAt.
This implies that X inventions can be realized in Y units of time, no matter
how large X is or how short Y is, if only X/dAY units of human capital are
available.4 As was argued in the introduction, this is unrealistic, which is why
this paper incorporates diminishing returns to LA.

It can also be argued, however, that diminishing returns is the natural
consequence of certain important features of the research process. Note that
an important property of (1) is that if f (•) has either increasing returns or
decreasing returns, then firm k’s technology necessarily involves an exter-
nality. Firm k’s productivity is in those cases affected by changes in L�k.
Only if f (•) has constant returns (e.g., if f (LA) � dLA, as in Romer) does the
externality disappear. This suggests that any “story” that one could tell to
motivate non-constant returns would have to involve an externality. The
reader will recall that such an externality was discussed in the introduction.5

3. The Balanced Growth Equilibrium

This section describes the equilibrium of a model of economic growth
that follows Romer (1990) but uses the research sector technology (1) that

4Human capital is measured by the time spent in study. So, if the time needed to learn the
state of the art (say, the time needed to get a Ph.D.) is relatively stable over time, and if that
amount of time is normalized to unity, then LA could be made to refer both to the amount of
human capital and to the number of researchers knowledgeable in the state of the art.

5Note that diminishing returns implies the externality, and not the other way around. Take
the case in which f (LA)/LA is decreasing in LA and L�k � 0. In this case all research is being
done by one giant firm k and, therefore, no externality is apparent in the giant firm’s technology
�k � Af (LA) � Af (Lk). However, note that �k is still subject to diminishing returns.
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has, not constant returns as in Romer, but diminishing returns. The next
section will calculate the optimal allocation and compare it with this section’s
equilibrium allocation. The aim is to see whether Romer’s conclusion that
there is underinvestment in research, continues to hold if his linearity as-
sumption is relaxed. To be able to do this satisfactorily, however, this paper
will, for technical reasons to be discussed later, use a modification of the
Romer model that was adopted in chapter 3 of Grossman and Helpman
(1991).

The Consumer
The representative consumer chooses the time path ct of the amount

consumed of the final good to maximize

�
�qtU � e ln c dt , (3)0 t�

0

subject to an intertemporal budget constraint, which requires that the dis-
counted sum of lifetime consumption expenditures not exceed the dis-
counted sum of the incomes from all factors of production, with all prices
taken as given. This yields the Euler Equation (see Blanchard and Fischer
1989, section 2.2)

ċtr � q � , (4)t ct

where rt is the real interest rate on consumption loans, and ċt � dct/dt is the
rate of change of consumption.

The Production of the Consumption Good
It is assumed that ct units of the consumption good are produced at

time t with Lct units of labor and xjt units of the intermediate good j, for all
j in the interval (0, At), where At, as was discussed in Section 2, represents
the number of intermediate goods invented up to date t, and is, therefore,
a proxy for the state of the art. The production function, made famous by
Dixit and Stiglitz (1977), is6

At
1�� �c � L x dj , (5)t ct jt�

0

with 0 � � � 1.

6As Romer (1990) makes clear, increases in At are equivalent to Harrod neutral technological
progress.
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Producers maximize profits taking all prices as given. So, if wt is the
wage rate, measured in units of the consumption good, then wt must be
equal to the marginal product of labor:

At
�� �w � (1 � �)L x dj . (6)t ct jt�

0

(Note that in modeling a competitive industry with a constant returns tech-
nology, one can, without loss of generality, take the number of firms to be
one.)

Also, if pjt is the price of intermediate good j at time t, once again
measured in units of the consumption good, then by the same reasoning

1�� ��1p � �L x . (7)jt ct jt

The Production of Intermediate Goods
Each intermediate good j � (0, At) must obviously have been invented

at some date prior to t. The producer of intermediate good j, it will be
assumed for simplicity, has purchased a perpetual patent on good j from the
firm that invented it. Each unit of an intermediate good is assumed to require
one unit of labor to be produced. Thus, if Lxt is the amount of labor allocated
to the production of intermediate goods at time t, then

At

x dj � L . (8)jt xt�
0

Note also that the objective of the monopolist producer of good j will be to
maximize instantaneous profits pjtxjt � wtxjt subject to the inverse demand
(7).7 The first-order condition for a monopolist’s profit maximization in this
case yields

2 1�� ��1w � � L x � �p . (9)t ct jt jt

Equation (9) implies xjt � xt and pjt � pt for all j, and (8) then implies
xt � Lxt/At. Thus,

7Actually, the owner of a patent maximizes the discounted sum of the perpetual stream of
profits. But since the price and output decisions at time t have no effect subsequently on either
the demand for or the production costs of the intermediate good, intertemporal profit maxi-
mization boils down to maximizing instantaneous profit.
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x � x � L /A (10)jt t xt t

and

1�� ��1 1��p � p � �L L A . (11)jt t ct xt t

Also, the profits from good j are

1�� � ��p � p � (1 � �)p x � �(1 � �)L L A . (12)jt t t t ct xt t

With the substitution from (10), the wage rate in the consumption
good sector in (6) becomes

�� � 1��w � (1 � �)L L A , (13)t ct xt t

and the wage rate in the intermediate goods sector in (9) becomes

2 1�� ��1 1��w � � L L A . (14)t ct xt t

Full Employment in the Labor Market
If L̄ denotes the constant labor endowment in our economy, then full

employment at each instant t requires

¯L � L � L � L . (15)At xt ct

The necessary equality of wages in the consumption good and inter-
mediate good sectors implies that �2Lct � (1 � �)Lxt. This equation, when
solved simultaneously with (15), yields

2� ¯L � (L � L ) , (16)xt At21 � � � �

1 � � ¯L � (L � L ) , (17)ct At21 � � � �

at each t.

Research and the Invention of Intermediate Goods
Technological progress is represented in this paper by increases in At.

From (5) and (10) we can write

1�� 1�� �c � A L L . (18)t t ct xt
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Thus, bigger values of At imply bigger outputs of the consumption good for
given values of Lct and Lxt.

New intermediate goods are invented by research firms that employ
labor. The research technology (1) was discussed in Section 2. (It is possible
to build up a model that distinguishes between skilled, research labor [or
human capital] and unskilled, production labor, but the results would not
be significantly different.)

Patents for all existing intermediate goods can be traded at each t. In
competitive markets, PAjt, the price at time t of the perpetual patent on
intermediate good j, must be equal to the discounted sum of all profits from
that good from t to infinity. Thus,

�
�[R �R ]s tP � e p ds , (19)Ajt js�

t

where Rs � rvdv. Note that (12) implies that all existing intermediates�0

goods must be worth the same; i.e., PAjt � PAt, for all j � (0, At).
At time t, the research firm k maximizes profits, PAtak � wtLk, taking

as given the prices wt and PAt, the technology (1), and L�k, the labor em-
ployed in all research firms other than k. So, the research sector equilibrium
is a Nash equilibrium in the sense that L�k is taken as given, and it is a
competitive equilibrium in the sense that wt and PAt are taken as given. It
will also be assumed that the free entry of firms into the research sector
reduces profits to zero:

f (L )Atw � A P . (20)t t AtLAt

Under this paper’s assumptions on f (•)—f (0) � 0, f � � 0, and f (LA)/
LA non-increasing in LA, one can show that there exists a zero-profit equi-
librium such that Lkt � 1 for all firms k, and the number of firms is mt

� LAt, the total employment in research. If f (LA)/LA is decreasing in LA one
can further prove that this equilibrium is unique.

Equilibrium
The various equilibrium conditions that have been derived so far can

now be used to construct the equilibrium time path.
Specifically, it will be shown below that, if L̄A solves the equation

1 � �(1 � �) L LA A ¯q � � L , (21)
�(1 � �) f (L ) �(1 � �)A
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then there exists an intertemporal equilibrium in which LAt � L̄A, a constant,
for all t.

Although the uniqueness of this equilibrium will not be proved, it can
be shown, along the lines of Grossman and Helpman (1991, section 3.2),
that the balanced growth equilibrium is also the only equilibrium.

If there is an equilibrium in which LAt � LA, a constant, for all t, how
would the other variables behave in that equilibrium? The (labor) market
clearing conditions (16) and (17) imply that Lxt and Lct must also take con-
stant levels, Lx and Lc, which can be obtained by substituting LAt � LA in
(16) and (17).

Further, if there is an equilibrium in which LAt and, therefore, Lxt and
Lct, are constant, then (18) would imply that the growth rates of ct and At,
gct � ċt/ct and gAt � Ȧt/At, must be related; gct � (1 � �)gAt. Moreover, (2)
would imply that gAt and, therefore, gct must be constant as well; gAt � gA

� f (LA), and gct � gc � (1 � �) f (LA).
The Euler equation (4) for the representative consumer’s utility max-

imization problem must also hold. Therefore,

r � r � q � g � q � (1 � �) f (L ) , (22)t c A

also a constant.
Also, (19) and (12) imply that the price of a patent must be

�
1�� � �r(s�t) ��P � �(1 � �)L L e A ds . (23)At c x s�

t

Note that gAt � f (LA), a constant, implies As � At exp { f (LA)(s � t)}.
If we make this substitution in (23) and substitute the resulting expression
for PAt into (20), we get

1�� � 1��f (L ) �(1 � �)L L AA ct xt tw � . (24)t L q � f (L )A A

Equating the wage in (24) with the wage in (13), or the wage in (14),
and substituting out Lx and Lc using (16) and (17), we get (21), the condition
that determines L̄A, the equilibrium level of research employment.

It is clear from the foregoing discussion that if LAt � L̄A for all t, and
if all equilibrium conditions are satisfied, then L̄A must solve (21). Or, put
another way, if L̄A solves (21), then there is an equilibrium in which LAt

� L̄A for all t.
Note that (21) determines L̄A in terms of the parameters of the model,
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and that every other variable can in turn be expressed in terms of L̄A, thus
completing the description of the balanced growth equilibrium.

To summarize, the number of intermediate inputs A grows at the rate
gA � f (L̄A) � 0. Consumption grows at the rate gc � (1 � �)gA � 0. Like
LA, Lx and Lc are constant. By (10), gx � ẋt/xt � ��gA � 0; that is, the
output of each intermediate good tends to zero because Lx is constant and
A is growing at the rate gA. The total output of all intermediate goods is,
however, constant, since Lx is constant. By (11) and (14), gw � gp � gc � 0.
As technology improves, resources become more productive and, therefore,
the real returns to these factors rise, too. By (12) and (20), the profits from
any single intermediate good and the value of the patent on an intermediate
good both grow at negative rates, gp � gP � gx � 0, where gP � (dPAt/dt)/
PAt. In totality, however, the intermediate goods sector holds its ground. Let

� Ap be total profits from intermediate goods and let P̂A � APA be thep̂
total value of all intermediate goods. It can be checked that the growth rates
of and P̂A are � � (1 � �)gA � gc � 0. Recall that w, p, p, PA etc.p̂ g gˆp̂ P

are all defined in units of the consumption good. Since labor income and
profit income are growing at the same rate as consumption, relative factor
income shares are being maintained at a constant level, as one would expect
in a balanced growth equilibrium.

It is important to repeat that in this equilibrium LAt � L̄A from t � 0
to t � �. That is, there are no transitional dynamics; the economy gets on
the balanced growth path and stays on it thereafter. In Romer (1990), by
contrast, transitional dynamics could potentially be important. In that model,
there are two state variables, viz., physical capital, K, and technology, A. The
balanced growth path is characterized by a unique value of K/A, and, except
by coincidence, the initial conditions K0 and A0 will not be such that K0/A0

is equal to the balanced growth equilibrium value of K/A. This would make
the transitional dynamics from the initial K0/A0 to the equilibrium K/A po-
tentially important, especially for the normative evaluation of the equilibrium
path. In this paper there is only one state variable, A, which does not reach
or approach some specific value in equilibrium but instead grows continu-
ously at the rate gA. Thus there are no sources of transitional dynamics here.
It will become clear in the next section that this feature of the model greatly
facilitates the comparison of the equilibrium and optimal paths. (An earlier
version of this paper based on Romer 1990 itself, and not on its Grossman-
Helpman version, is available from the author.)

The comparative dynamics are pretty much the same as in Romer
(1990). Under this paper’s assumptions on f (•)—f (0) � 0, f � � 0, and f �
� 0, it can be shown that if the economy’s endowment of labor L̄ increases,
then so will L̄A, and, therefore, the growth rate gA � f (L̄A). (It should be
kept in mind that L̄ refers to skilled labor that is capable of doing research.)
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It can also be shown that greater impatience, i.e., a higher q, reduces L̄A

and, therefore, ḡA � f (L̄A).
Where this paper’s specification of the research technology does make

a difference is in the welfare analysis, which is the subject of the next section.
In closing this section, two other issues need to be discussed. The first

is the issue of uncertainty. The negative externality in (1) has been based on
an intuition drawn from the literature on patent races. In such races multiple
researchers pursue the same project; one wins and the others lose. The
uncertainty that is intrinsic to this scenario is not reflected in the non-
stochastic technology (1). However, it can be shown that under the assump-
tion of no aggregate uncertainty, idiosyncratic uncertainty can be introduced
into the model so as to reflect the patent race “story.” Suppose the uncer-
tainty that a research firm, say, firm k, faces is of the form ak plus a random
variable (or random variables) with expectation zero. Note that output could
be greater than or less than ak. Risk neutral firms will, however, base their
decisions on expected output, which is ak as in (1). Therefore, the firm’s
profit-maximizing behavior will not be affected. Moreover, the representa-
tive agent assumption implies that the single individual of this model owns
all shares of all firms. Therefore, even if we allow some firms to succeed and
others to fail in patent races, as long as there is no aggregate uncertainty the
profit earnings of the representative agent will be unaffected by the idiosyn-
cratic uncertainty faced by the firms. Thus neither the firms nor the repre-
sentative individual will behave any differently because of uncertainty, and
the equilibrium will continue to be exactly as has been described. For more
on the use of idiosyncratic uncertainty without aggregate uncertainty see
Barro and Sala-i-Martin (1995, page 249 including footnote 7).

Finally, it should be pointed out that the congestion externality focuses
our attention on the quality, and not just the quantity, of research labor.
The existing models of endogenous technological progress can incorporate
quality differences in research by redefining labor as “effective labor” or
“quality adjusted labor.” But this approach would capture the contribution
of quality only to the extent that quality and quantity are perfectly substi-
tutable. It would miss the role that the quality of research labor plays in
reducing the negative effects of the congestion externality.

Smarter researchers will cast their nets wider when fishing for research
problems; such researchers can and will abandon “overcrowded” problems
for ones that are being investigated by fewer researchers. This tendency will
reduce overall congestion levels in research and make its negative externality
less burdensome for the economy. If one replaces f (LA) in the discussion
above by f (LA, h), where h is a labor quality parameter, and if one assumes
that f (LA, h) is increasing in h, then it is readily apparent that both L̄A and
ḡA � f (L̄A, h) are increasing in h.
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4. Optimality: The Possibility of Overinvestment

In Romer (1990) the amount of human capital employed in the re-
search sector is less than optimal. This is roughly because (i) the market
ignores the fact that an idea invented now makes future inventions easier,
and (ii) because the monopoly in the intermediate goods sector, itself the
result of patents, inhibits the optimal use of the intermediate goods invented
by the researchers. This paper’s congestion externality introduces a third
distortion and raises the possibility of there being more investment in R&D
than is socially optimal.

The Pareto optimal allocation for the economy described in the last
section is the solution to the following social planner’s problem: maximize
the utility of the representative individual (3), subject to the law of motion
for the state variable A (2); to the technological and resource constraints (5),
(15), and (8); and to the data of the model, which include the initial condi-
tion A0, all technological and preference parameters, and the labor endow-
ment L̄.

It is shown in the appendix that if solvesL*A

1 ¯q � L � L , (25)A(1 � �) f �(L )A

then LAt � for all t is the unique solution to the social planner’s problem.L*A
The main question of interest in this section is whether the amount of

labor employed in the research sector is bigger in the balanced growth equi-
librium path or in the balanced growth optimal path. For this purpose, L̄A,
the solution to (21), will have to be compared with , the solution to (25).L*A

The assumptions made so far about f (•) are f (0) � 0, f � � 0, and f �
� 0. These assumptions imply that both f �(LA) and f (LA)/LA are non-
increasing in LA. Thus the left-hand side (LHS) expressions of both (21) and
(25) are increasing in LA. The determination of the equilibrium and optimal
levels of LA is shown in Figure 1. Let the LHS expression of (25) be line B.
If the LHS expression of (21) is line A and is, therefore, higher, at LA

� , than the LHS expression of (25), then L̄A, the amount of labor allo-L*A
cated to research in equilibrium, would be less than . On the other hand,L*A
if the LHS expression of (21) is line C and is, therefore, lower, at LA

� , than the LHS expression of (25), then there would be excessiveL*A
investment in R&D. It can be shown that for overinvestment to occur, the
elasticity of f (•), that is, LA f �(LA)/f (LA), would have to be significantly less
than one. And if the elasticity approaches zero, then overinvestment would
be ensured.

To take a concrete case, let f (LA) � . Then, the LHS of (25) minusbLA

the LHS of (21) is given by



Udayan Roy

168

Figure 1.

1 1 q 1
� 1 � � 1 � L .A� � b�1 � �(1 � �)b �(1 � �) L �(1 � �)A

In Romer’s linear (b � 1) case the above expression is negative at all
LA, thus giving Romer’s underinvestment result.

Under diminishing returns, however, b is less than one. In particular,
as b tends to zero, the above expression not only becomes positive, it tends
to infinity at every LA. Thus it is clear that if diminishing returns are strong
enough (i.e., for small enough b) the LHS term of (21) would be less than
the LHS term of (25) at LA � , and overinvestment would, therefore,L*A
obtain in research.

It is important to note that diminishing returns, while necessary for
overinvestment to occur, is not sufficient. The congestion externality, which
is the motivation for this paper’s use of diminishing returns, is only one of
several forces that bear upon the differences between L̄A and . There areL*A
two distortions, numbered (i) and (ii) in the opening paragraph of this sec-
tion, that represent tendencies toward underinvestment. So, while the con-
gestion externality does represent a tendency toward overinvestment, it can
cause overinvestment only if it is strong enough to outweigh the two other
distortions.

Finally, it should be pointed out that the reason why this paper has
based itself, not on Romer (1990), but on the Grossman and Helpman (1991)
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adaptation of Romer (1990), is because it allows the equilibrium and optimal
paths to be worked out for arbitrary initial conditions. In Romer (1990) the
balanced growth equilibrium allocation is analyzed for one specific set of
initial conditions and the balanced growth optimal allocation is analyzed for
another specific set of initial conditions. The two paths are, therefore, not
comparable. The model of Grossman and Helpman, on the other hand, has
only one state variable where Romer’s had two. This does take away some
of the richness of the Romer model but allows Grossman and Helpman to
formalize the underinvestment result that Romer had sketched.

5. Conclusion

In the current deluge of papers on endogenous technological progress
it is generally assumed that the rate of technological progress at any date is
linearly increasing in the research effort made at that date. This makes it
possible, at least logically, to generate any number of inventions, no matter
how large, in any period of time, no matter how short. Since this is grossly
unrealistic, it is important to show how linearity can be done away with in
models of endogenous growth. This paper has argued that the process by
which new economically valuable ideas are generated in contemporary econ-
omies is characterized by important “congestion” externalities which yield
diminishing returns in the research sector.

The quality of labor is shown to be positively related to the growth
rate of the model economy in a way that is not captured by the usual “ef-
fective labor” approach to modeling labor quality.

The optimality analysis of the model has shown that advocacy of the
use of subsidies to encourage investment in research as a correction for
market failure may be ignoring other market failures that would suggest a
different course of action. The policy debate, therefore, is unlikely to be
resolved by mere a priori argument. It is fundamentally an empirical matter.
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Appendix A

The Optimal Allocation
The derivation of (25) will be shown.
The social planner’s problem (see Section 4) is to maximize the utility

function (3) subject to the consumption good technology (5), the interme-
diate good technology (8), the research sector technology (2), and the labor
constraint (15).

All the constraints are point-in-time or static constraints except for (2).
Note also that Lx and Lc do not appear in (2). This implies that the social
planner’s problem can be broken up into a static allocation problem involving
Lx and Lc, and a dynamic allocation problem involving neither Lx nor Lc.

The static allocation problem is to maximize ct subject to (5), (8) and
(15):

At
1��max L x dj ,ct jt�

0
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At

subject to x dj � L ,jt xt�
0

¯and L � L � L � L ,xt ct At

where L̄, At and LAt are taken as given.
The first-order conditions for the static problem can be used to sub-

stitute out Lx and Lc from the social planner’s problem, which then becomes

�
�qtmax e ln c dtt�

0

� 1�� 1��subject to c � � (1 � �) A ,t t

Ȧ � A f (L ) ,t t At

and the initial condition that A0 is given.
The Hamiltonian for this problem is

¯� � (1 � �) ln A � ln(L � L ) � k A f (L ) .t At t t At

The optimality conditions are (i) ��/�LAt � 0, (ii) � qkt ���/�At,k̇t

and the transversality condition (iii) limtr�e�qtktAt � 0.
Condition (i) gives

1¯(L � L )f �(L ) � , (26)At At k At t

and condition (ii) and (2) give

˙ ˙k A 1 � �t t
� � q � . (27)

k A k At t t t

Defining Mt � ktAt, one can rewrite (27) as Ṁt � qMt � (1 � �)
and condition (iii) as limtr�e�qtMt � 0. These two conditions can be shown
to imply Ṁt � 0 or Mt � (1 � �)/q, which, when substituted into (26) gives
(25).

Zero Profit Equilibrium
Two propositions regarding the research sector’s zero profit equilib-

rium will be proven.
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Proposition 1. If LA � L̄A solves (21), f(0) � 0, f � � 0, and f(LA)/LA is
non-increasing in LA, there is a zero profit equilibrium in the research sector
at each t such that Lkt � 1 for all active firms k and the number of firms is
mt � LAt. If f(LA)/LA is decreasing in LA this equilibrium is unique.

Proof. From (1), firm k’s profits are pk � PAt�k � wtLk or

f (L � L )�k kA P � w L , if L � 1At t k k� �L � L�k kp � (28)k ��w L , if 1 � L � 0 .t k k

Since L̄A solves (21) it also satisfies (20). Therefore, if Lk � 1, k � 1, 2, . . . ,
mt and mt � L̄A, then pk � 0 for all k. Moreover, if firm k changes Lk

unilaterally (i.e., taking L�k as given), pk will either stay zero or become
negative because f (LA)/LA is assumed non-increasing. Thus, this is a zero
profit equilibrium.

Moreover, if f (LA)/LA is decreasing in LA, a unilateral change in Lk

from 1 to any other positive number will clearly reduce pk from zero to a
negative number. Thus Lk � 1 must hold for all active firms k in any zero
profit equilibrium.

Proposition 2. If f(LA)/LA � 0 and f(LA)/LA is non-increasing, thenlimL r�A

for any wt and PAt there will exist a zero profit equilibrium such that Lkt

� 1 for all active firms k. Under the additional assumption that f(LA)/LA is
decreasing in LA, this equilibrium will be unique.

Proof. Since f (LA)/LA � 0, for any wt and PAt, either (i) there willlimL r�A

exist an L̂A such that wt/PAt � At f (L̂A)L̂A, or (ii) wt/PAt � At f (LA)/LA for all
LA. In case (ii) LA � 0 is the zero profit equilibrium because no active firm
can have non-negative profits. In case (i) Lkt � 1, k � 1, 2, . . . , mt, and mt

� L̂At is a zero profit equilibrium by reasoning similar to that used in Prop-
osition 1. And if f (LA)/LA is decreasing in LA, it is similarly the only such
equilibrium.

Appendix B

List of Symbols

At � Number of intermediate goods invented by time t.
L̄ � Labor endowment.
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LAt � Labor allocated to research at time t.
Lxt � Labor allocated to the production of intermediate goods at time

t.
Lct � Labor allocated to the production of the consumption good at

time t.
rt � Real (gross) interest on consumption loans at time t.
ct � Consumption at time t.
q � Rate of time preference.

xjt � Amount of the intermediate good j produced at time t.
s,t � Indicates time.
� � Parameter in consumption good technology.

wt � Wage rate, in units of the consumption good, at time t.
j � Indicates an intermediate good.

Pjt � Price, in units of the consumption good, of j at time t.
pjt � Profits earned by producer of j at time t.
Rt � Discount factor.

gAt � Growth rate of As at time t.
gct � Growth rate of cs at time t.
h � Parameter representing entrepreneurial talent.
kt � Shadow price of As at time t.

Mt � Auxilliary variable; Mt � ktAt.
� � Hamiltonian.


